A Fatigue Life Model for Roller Bearings in Oscillatory Applications
Georg Breslau1, Berthold Schlecht2

1

2

Institute of Machine Elements and Machine Design, TU Dresden, georg.breslau@tu-dresden.de
Institute of Machine Elements and Machine Design, TU Dresden, berthold.schlecht@tu-dresden.de

Abstract – For certain applications, rolling bearings do not perform a complete rotation but only an oscillation at
a defined amplitude. Common examples are universal joints, pitching systems of wind turbines or piston pin bearings. In such a case the calculated basic bearing life can be corrected by an oscillating life coefficient 𝑎𝑎osc . This
article presents a unified calculation approach for oscillating roller bearings based on the theory of LUNDBERG and
PALMGREN, which is compared to the methods of RUMBARGER / JONES and HOUPERT. The relations derived in this
work are based on the formulas for calculating the basic dynamic load rating according to the standard. For oscillating motion smaller than the critical amplitude, a more practical calculation method is presented, compared to
RUMBARGER / JONES. The approach for larger amplitudes given by HOUPERT was revised, improved and corrected
for 𝜀𝜀 ≤ 1. As an application example, the bearing of the universal joint in a cardan shaft is analyzed. Therefore, a
calculation approach to determine the dynamic equivalent bearing load is presented. Eventually, it is shown how
the life coefficient varies in relation to the oscillation amplitude.
Keywords – oscillation motion, life prediction method, dynamic equivalent load, universal joints

1. Introduction

bearings on model test rigs and large-diameter bearings. For all these rig tests mainly small oscillation amplitudes were investigated. While these experimental
studies emphasize the importance of lubrication and
wear behavior, this paper focused on determining the
rating life due to rolling contact fatigue. The rating life
of oscillating bearings was mainly examined by HARRIS [4], RUMBARGER/JONES [11] and HOUPERT [7].
This paper contributes to a more precise calculation by
adapting these existing methods.

The rating life calculation of rolling bearings in oscillating motion is currently still insufficiently investigated. However, there are some research studies on experimental tests of oscillating bearings. THIEDE [18]
and BOSSE [1] have evaluated the influence of grease
lubrication on the rating life by varying the operating
parameters such as temperature, oscillation amplitude
and frequency. At present, this topic is still being researched e.g. SCHWACK [15] carried out experimental
investigations on the wear behavior of oscillating
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More than 70 years ago, the LUNDBERG and
PALMGREN fatigue model [8], [9] laid the foundation
for the dynamic load rating and rating life calculation
of rolling element bearings. By means of an equivalent
load, the rating life can be calculated for any reliability
under certain operating conditions. One of the requirements is the continuous rotation of the bearing. For
rolling bearings in oscillating applications, such as
drawn cup needle roller bearings in universal joints,
this fatigue model is not valid anymore. However, the
ISO 281 [1] contains no guidelines or references for
calculating the rating life of oscillating bearings. This
problem was particularly examined in 1968 by RUMBARGER and JONES [11], who analyzed the results of
life tests of 388 caged needle roller bearings under
combinations of load, speed, and amplitude of oscillation with WEIBULL statistics. They adjusted the load
rating equation for small oscillation angles 𝜃𝜃a ≤ 𝜃𝜃crit ,
where the stressed areas of the raceway do not overlap,
thus considering the reduced stressed volume. This
idea leads to a simplified life coefficient, which is introduced by RUMBARGER [10].
For distinction of cases, the critical angle 𝜃𝜃crit of the
oscillation amplitude 𝜃𝜃a is calculated by the relative
angle between raceway and cage. Independent of
which ring oscillates, the critical angle is given by
2π
(Eq. 1)
𝜃𝜃crit =
.
𝑍𝑍 (1 ± 𝛾𝛾)

In 1999, HOUPERT [7] developed a calculation approach for oscillating bearing motion based on the
LUNDBERG/PALMGREN model, restricted to 𝜃𝜃a > 𝜃𝜃crit .
It considers the reduced number of load cycles on the
circumferentially loaded ring within the load zone and
an equivalent load for each position on the raceway.
HOUPERT’s life model was referenced e.g. in [14],
[17], and [19] and is also discussed in HARRIS' textbook [4]. However, during an intensive and thorough
revision of the HOUPERT model, an inconsistency was
found which leads to an overestimation of the rating
life for load distributions with 𝜀𝜀 ≤ 1. The example of
an oscillation amplitude of 180° is suitable for describing the problem. As with continuous rotation, each position of the raceway also passes through the entire
load zone, but twice, see Figure 2.

This angle is different for both raceways, the upper
sign refers to the inner and the lower sign to the outer
ring. Consequently, 𝜃𝜃crit is always larger for the outer
ring and therefore representative. The angle 𝜃𝜃crit depends both on the number of rolling elements 𝑍𝑍 and
the geometry parameter 𝛾𝛾. Figure 1 shows how many
rolling elements are required to exceed a critical angle
of the outer ring. For example, at amplitudes of less
than 10° over ~40 rolling elements would be required
to exceed 𝜃𝜃crit , which is especially not possible for
smaller needle roller bearings.

Figure 2: Oscillation period with amplitude 𝜃𝜃a
This results in a load zone independent life coefficient
𝑎𝑎osc = 0.5, which is determined by the ratio of lives
for oscillation 𝐿𝐿osc in relation to continuous rotation 𝐿𝐿.
𝐿𝐿osc
(Eq. 2)
𝑎𝑎osc =
𝐿𝐿
In contrast to 𝑎𝑎osc = 0.5 for θa = 180°, the calculation approach of HOUPERT yields values of 𝑎𝑎osc > 1
depending on 𝜀𝜀. The editor and the authors have kindly
suggested and accepted to let Dr. Houpert add a discussion chapter. This will give Dr. Houpert the opportunity to explain and correct his errors in [7], discuss
some conceptual modeling differences and show a few
additional results obtained since 1999. As explained by
HOUPERT the reason for this inconsistency is a decisive
error in [7], which was also noticed and corrected by
the authors in [13]. In the Equation 30 of [7] the denominator 2𝜃𝜃a was used instead of the auxiliary function 𝐻𝐻(𝜓𝜓, 𝜃𝜃a ). Furthermore, the factor 2π was missing
in equation 32 of [7], which can be considered as a typing error, since it has no influence on the calculation
results of HOUPERT. For this reason, the results of [7]
are still correct for a load zone of 𝜀𝜀 ≥ 1, since the entire raceway is loaded and thus 𝐻𝐻(𝜓𝜓, 𝜃𝜃a ) is equal to
2𝜃𝜃a . Moreover, H OUPERT used the life exponent
𝑝𝑝 = 10⁄3 in combination with a WEIBULL slope of
𝑒𝑒 = 1.5. These values are used at Timken Company
for both rating life equation and load rating equation
but do not correspond to the ISO standard exponents
used for roller bearings. As the calculation is based on
the LUNDBERG/PALMGREN model or the load rating

Figure 1: Critical oscillation amplitude of the outer ring
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2.2. Stationary Loaded Ring
For the stationary loaded ring, the same number of load
cycles applies according to Eq. 7. The only difference
is the dynamic equivalent load, which is described by
𝐽𝐽2 and leads to
(Eq. 9)
𝐿𝐿~𝑁𝑁rot −1 𝐽𝐽2 −𝑝𝑝 .

equation, it is advisable to use the parameters according to [2] and [3], with 𝑝𝑝 = 4 and 𝑒𝑒 = 9/8. It should
be noted that the use of the exponent 𝑝𝑝 = 10⁄3 is only
permitted for the rating life equation but not for the
load rating equation. In particular for needle roller
bearings, it was already experimentally proven in [11]
that a life exponent with 𝑝𝑝 = 4 applies. This can also
be explained by the fact that, due to the length of the
roller, there is a line contact with a rectangular pressure
surface rather than a point contact. Finally, it should
also be noted that HOUPERT [7] does not refer to RUMBARGER/JONES [11]. This article takes up the basic
idea of comparing the basic rating life for continuous
rotation and oscillating motion of a bearing with same
geometry under otherwise identical conditions. Thus,
the rating life equation can be simplified. The work is
based in part on a previously published article by
SCHLECHT and BRESLAU [13]. The knowledge of the
relations between the probability of survival, number
of load cycles, stressed volume and load, contributes
to a better understanding of the approaches presented
hereafter. In the papers [7] and [11] a derivation of the
life and load rating equations is presented as an introduction, so that the authors refrain from this and refer
additionally to the publications [8] and [9]. In the following, the bearing rings are considered separately,
not according to inner and outer ring, but in general
regarding the load type. The term circumferentially
loaded ring means that the applied load rotates or oscillates relative to the ring, whereas the stationary
loaded ring is stationary relative to the applied load.

The required load integrals 𝐽𝐽1 and 𝐽𝐽2 for continuous rotation are given by

and

1

(Eq. 10)

1

(Eq. 11)

𝑝𝑝
1 π
𝐽𝐽1 = �
� 𝑔𝑔(𝜓𝜓, 𝜀𝜀)𝑝𝑝 d𝜓𝜓�
2 π −π

𝑝𝑝 𝑒𝑒
1 π
𝐽𝐽2 = �
� 𝑔𝑔(𝜓𝜓, 𝜀𝜀)𝑝𝑝 𝑒𝑒 d𝜓𝜓� ,
2 π −π

where the normalized load distribution as a function of
the parameter 𝜀𝜀 is given by
10

𝑔𝑔(𝜓𝜓, 𝜀𝜀) = �𝑟𝑟(𝜓𝜓, 𝜀𝜀) 9
0

with

𝑟𝑟(𝜓𝜓, 𝜀𝜀) = �1 −

if 𝑟𝑟(𝜓𝜓, 𝜀𝜀) > 0
if 𝑟𝑟(𝜓𝜓, 𝜀𝜀) ≤ 0

1
(1 − cos 𝜓𝜓)�.
2 𝜀𝜀

(Eq. 12)

(Eq. 13)

3. Oscillating Motion
3.1. Case 1: Low Oscillation Amplitudes 𝛉𝛉𝐚𝐚 < 𝛉𝛉𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜
The following calculation approach is based on RUMBARGER and JONES. However, the derivation of the calculation equation according to [11] is complex and impracticable. Therefore, the following section presents
a better comprehensible method of calculating the rating life coefficient. On the one hand, it is considered
that the loaded raceway volume is reduced and on the
other hand, that only two load changes occur during
one oscillation period.
(Eq. 14)
𝑁𝑁osc = 2

2. Continuous Rotation
2.1. Circumferentially Loaded Ring
The basic rating life depends on the dynamic radial
load rating, the life exponent and the dynamic equivalent bearing load, whereby the latter is identical for oscillating motion.
𝐶𝐶 𝑝𝑝
(Eq. 3)
𝐿𝐿 = � �
𝑃𝑃
(Eq. 4)
𝐿𝐿~𝐶𝐶 𝑝𝑝

The Figure 3 shows the stressed volume, which does
not overlap for low oscillation amplitudes 𝜃𝜃a < 𝜃𝜃crit .

According to [8], for the load rating of the circumferentially loaded ring it is established, that
𝐽𝐽r
(Eq. 5)
𝐶𝐶1 = 𝑍𝑍 𝑄𝑄c cos α ,
𝐽𝐽1

where compared to oscillating motion only the load integral 𝐽𝐽1 and the load rating of the single contact 𝑄𝑄c are
different. For the dynamic load rating 𝑄𝑄c , only the load
cycle number of the raceway overrolling 𝑁𝑁rot must be
considered, this leads to
𝐶𝐶1 ~ 𝑁𝑁rot

1
−
𝑝𝑝

𝐽𝐽1 −1 .

(Eq. 6)

The number of load cycles for one full rotation yields
1 ± 𝛾𝛾
(Eq. 7)
𝑁𝑁rot = 𝑍𝑍 �
�.
2
This leads to the following proportional equation
(Eq. 8)
𝐿𝐿~𝑁𝑁rot −1 𝐽𝐽1 −𝑝𝑝 .

Figure 3: Case distinction [19]

Regarding the dynamic equivalent load, both rings are
assumed to be stationary loaded due to the low oscillation amplitude independent of the load type. Thus, the
equivalent load is also determined by 𝐽𝐽2 for the circumferentially loaded ring. In addition, the load integral 𝐽𝐽2
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applies to the reduced stressed volume, which is decreased in inverse proportion to the loaded raceway
length 𝑙𝑙r,osc . This ratio can be expressed by
𝑙𝑙r,osc
𝜃𝜃a
(Eq. 15)
=
.
𝑙𝑙r
𝜃𝜃crit

For the oscillating bearing ring the dither angle becomes
4 𝑏𝑏
(Eq. 25)
𝜃𝜃dith =
.
𝐷𝐷pw (1 − 𝛾𝛾 2 )

By specifying a maximum pressure of 4000 MPa, the
half contact width for rolling bearing steel is estimated
by
(Eq. 26)
𝑏𝑏 ≈ 0.035 𝐷𝐷we (1 ± 𝛾𝛾) .

Using this proportional relationship, the reduced load
integral 𝐽𝐽2,red is determined by
𝐽𝐽2,red

1

𝜃𝜃a 𝑝𝑝𝑝𝑝
= 𝐽𝐽2 �
� .
𝜃𝜃crit

(Eq. 16)

The upper sign refers to the outer ring and the lower
sign to the inner ring. The substitution of Eq. 26 into
Eq. 25 yields
0.14 𝛾𝛾 ± 𝛾𝛾 2
(Eq. 27)
𝜃𝜃dith ≈
.
cos 𝛼𝛼 1 − 𝛾𝛾 2

From this the basic rating life follows for the proportional equation
(Eq. 17)
𝐿𝐿osc ~𝑁𝑁osc −1 𝐽𝐽2,red −𝑝𝑝 .

The life coefficient is calculated in relation to Eq. 9
according to Eq. 2 for a stationary loaded ring by
𝑎𝑎osc,2 =

1
−
𝑒𝑒

𝑁𝑁rot 𝜃𝜃a
�
�
𝑁𝑁osc 𝜃𝜃crit

For oscillation with (𝜃𝜃a < 𝜃𝜃dith ) the risk of false brinelling and fretting corrosion is very high. With reference to [5], it is recommended to avoid the operation
at these very small oscillation angles. For this reason,
no calculation method is presented for such a case.

(Eq. 18)

.

The substitution of Eq. 7, Eq. 14 and Eq. 1, gives
1

𝑍𝑍 (1 ± 𝛾𝛾) 𝜃𝜃a 𝑍𝑍 (1 ± 𝛾𝛾) −𝑒𝑒
𝑎𝑎osc,2 =
�
�
4
2π
and for 𝑒𝑒 = 9⁄8
𝑎𝑎osc,2

1

3.2. Case 2: High Oscillation Amplitudes 𝛉𝛉𝐚𝐚 ≥ 𝛉𝛉𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜
In the following, the equations for calculating the coefficient 𝑎𝑎osc based on a corrected and extended life
model are presented. The model is valid for 𝜃𝜃a ≥ 𝜃𝜃crit ,
for smaller amplitudes the RUMBARGER method must
be used. Basically, a distinction is made according to
the load on the respective bearing ring whether the load
is stationary or rotates in relation to the ring.

(Eq. 19)

8

[𝑍𝑍 (1 ± 𝛾𝛾)]9 2π 9
=
� �
4
𝜃𝜃a

(Eq. 20)

is found. If the ring is circumferentially loaded, then
𝑎𝑎osc,1

1

8

[𝑍𝑍 (1 ± 𝛾𝛾)]9 2π 9 𝐽𝐽1 𝑝𝑝
=
� � � �
4
𝐽𝐽2
𝜃𝜃a

3.2.1. Stationary Loaded Ring

(Eq. 21)

In an oscillating bearing, the equivalent load 𝑄𝑄eq of the
stationary loaded ring is identical to that for continuous
rotation. Only the number of load cycles depends on
the oscillation amplitude and is considered by
1 ± 𝛾𝛾 2 𝜃𝜃a
(Eq. 28)
𝑁𝑁osc = 𝑍𝑍
.
2
π
For the proportionality equation of the rating life it is
found
(Eq. 29)
𝐿𝐿osc ~𝑁𝑁osc −1 𝐽𝐽2 −𝑝𝑝 .

holds true. According to the product law of probability,
the coefficient 𝑎𝑎osc for the entire bearing can be calculated as combination of the lives with previously determined load ratings 𝐶𝐶1 and 𝐶𝐶2 of the rings by
−𝑒𝑒
𝐶𝐶1 𝑝𝑝
𝑎𝑎osc = ��𝑎𝑎osc,1 � � �
𝐶𝐶r
+ �𝑎𝑎osc,2

𝐶𝐶2 𝑝𝑝
� � �
𝐶𝐶r

1
−𝑒𝑒 − 𝑒𝑒

�

(Eq. 22)

The life coefficient is calculated in relation to Eq. 9
according to Eq. 2 for a stationary loaded ring by
𝑁𝑁rot
π
(Eq. 30)
𝑎𝑎osc,2 =
=
.
𝑁𝑁osc 2 𝜃𝜃a

.

This equation is only valid for roller bearings with the
exponents 𝑝𝑝 = 4 and 𝑒𝑒 = 9⁄8. In [10] RUMBARGER
introduced another case distinction, called dithering. It
is valid for extremely small amplitudes, where the oscillating roller does not exceed the range of its own
pressure ellipse. The same equations are used in a report by Harris et al. [5]. However, RUMBARGER has
only related the angle to the bearing cage. The correct
equation for the calculation of the dither angle can be
determined, e.g by the rotational angle of the rolling
element. Independent of which ring rotates, the absolute value of the rotation angle can be defined by
𝜃𝜃dith 1
(Eq. 23)
|𝜃𝜃RE | = cos 𝛼𝛼
� − 𝛾𝛾� .
2
𝛾𝛾

The same equation is presented in [5] and [7].
3.2.2. Circumferentially Loaded Ring

In most applications the load rotates in relation to the
inner ring, which is subjected to higher pressures and
consequently has a lower probability of survival than
the outer ring. For this reason, HOUPERT only considered the circumferentially loaded inner ring when deriving the rating life coefficient in [7]. For an exact determination of the rating life, a calculation for both
rings depending on the load types is recommended.
The calculation of the ring with rotating load is more
complex, since not only the number of load cycles
changes, but also a separate dynamic equivalent load
𝑄𝑄eq has to be considered for each rolling element position 𝜓𝜓 on the raceway. The following Figure 4
shows, that the stress of an elementary ring volume

The dither angle of the rolling element is given by
2 𝑏𝑏
2 𝑏𝑏 cos 𝛼𝛼
(Eq. 24)
𝜃𝜃RE =
=
.
𝐷𝐷we
𝐷𝐷pw 𝛾𝛾
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d𝑉𝑉𝜓𝜓 under circumferential load depends on the orbital
position 𝜓𝜓 and the oscillation amplitude 𝜃𝜃a .

Figure 4: Visualization of the load integral 𝐽𝐽𝜃𝜃a,𝜓𝜓 for a ring
position 𝜓𝜓 and oscillation amplitude 𝜃𝜃a [7]

Figure 5: Example for the dynamic equivalent load of the
circumferentially loaded ring, with 𝜃𝜃a = 65° and 𝜓𝜓 l = 45°

Compared to continuous rotation, where each volume
element passes through the entire load zone and thus
the equivalent load is described by 𝐽𝐽1 , with oscillation
a separate load integral must be calculated for each
volume, which is introduced with 𝐽𝐽𝜃𝜃a,𝜓𝜓 .
(Eq. 31)
𝑄𝑄eq = 𝑄𝑄max 𝐽𝐽𝜃𝜃a,𝜓𝜓

By reducing the oscillation amplitude in Figure 6 to
𝜃𝜃a = 1°, the value of the load integral 𝐽𝐽𝜃𝜃a = 0.5863
approaches the value of 𝐽𝐽2 = 0.5864, since the load
case is rather stationary. The function 𝐽𝐽𝜃𝜃a,𝜓𝜓 becomes
similar to the load distribution with decreasing amplitude, so that the value for 𝜓𝜓 = 0 approaches the maximum rolling element load 𝑄𝑄max . Consequently, a stationary loaded ring can be assumed. This confirms the
assumption which was made by RUMBARGER and
JONES in [11] for very small amplitudes.

For an oscillating bearing motion, the following load
integral is found
𝐽𝐽𝜃𝜃a ,𝜓𝜓

1

𝜓𝜓+𝜃𝜃a
𝑝𝑝
1
=�
�
𝑔𝑔(𝜓𝜓, 𝜀𝜀)𝑝𝑝 d𝜓𝜓� .
2 𝜃𝜃a 𝜓𝜓−𝜃𝜃a

(Eq. 32)

This results in a different dynamic equivalent load for
each position, so that different probabilities of survival
are obtained. These probabilities are combined according to the product law by the same way as for the load
integral 𝐽𝐽2 . The load integral of the entire bearing ring
is given with
𝐽𝐽𝜃𝜃a

1

𝑝𝑝 𝑒𝑒
1 π
= �
� 𝐽𝐽𝜃𝜃a ,𝜓𝜓 𝑝𝑝 𝑒𝑒 d𝜓𝜓� .
2 π −π

(Eq. 33)

For the proportionality equation of the rating life it is
found
(Eq. 34)
𝐿𝐿~𝑁𝑁osc −1 𝐽𝐽𝜃𝜃a −𝑝𝑝 .

The life coefficient is calculated in relation to Eq. 8
according to Eq. 2 for a circumferentially load ring by
𝑎𝑎osc,1

𝑝𝑝

𝑝𝑝

𝑁𝑁rot 𝐽𝐽1
π
𝐽𝐽1
=
� � =
� � .
𝑁𝑁osc 𝐽𝐽𝜃𝜃a
2 𝜃𝜃a 𝐽𝐽𝜃𝜃a

(Eq. 35)

For a better illustration, two calculation examples are
given for 𝜓𝜓l = 45°. The diagrams show the resulting
values for 𝐽𝐽𝜃𝜃a and the relative equivalent load 𝐽𝐽𝜃𝜃a,𝜓𝜓 as
function of the position angle 𝜓𝜓. For reference, the
value for continuous rotation is given with
𝐽𝐽1 = 0.5556. The Figure 5 shows the results for an
oscillation amplitude 𝜃𝜃a = 65°, resulting in a load integral with 𝐽𝐽𝜃𝜃a = 0.5689.

Figure 6: Example for the dynamic equivalent load of the
circumferentially loaded ring, with 𝜃𝜃a = 1° and 𝜓𝜓 l = 45°

According to equation Eq. 35, the life coefficient is the
product of two terms. The first one is identical to the
case of a stationary loaded ring and is only dependent
on the amplitude, while the second one is additionally
dependent on the load zone parameter. The results are
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shown in Figure 7. Obviously, the second term has less
influence and must be considered only for smaller amplitudes. This diagram differs significantly from the
one shown in [7] by HOUPERT. This becomes clearer
at an amplitude of 180°, where the life coefficient is
exactly 0.5, independent of the load zone parameter.

entire bearing depends on 𝛾𝛾 and is determined, as for
the low amplitudes, by Eq. 22.

4. Life Coefficient for Non-Uniform Loads
Besides the motion of the bearing rings, the external
load on the bearing can also be non-uniform. The dynamic load 𝐹𝐹(𝑡𝑡) of an oscillation or a generic procedure is described by the dynamic equivalent load 𝑃𝑃.
Therefore, the determination of 𝑃𝑃 is done by the linear
accumulation of damage according to the MINER rule.
This is calculated in the similar way as the load integral
𝐽𝐽1 according to Eq. 10.
1

𝑝𝑝
1 𝑇𝑇
𝑃𝑃 = � � 𝐹𝐹(𝑡𝑡)𝑝𝑝 d𝑡𝑡�
𝑇𝑇 0

(Eq. 36)

However, this equation is only valid for a constant
bearing speed, otherwise the integral must be related
to the angle of rotation. For a dynamic load during an
oscillating bearing motion with the same period, it is
found
1

𝜃𝜃a
𝑝𝑝
1
𝑃𝑃 = �
� 𝐹𝐹(𝜃𝜃)𝑝𝑝 d𝜃𝜃� .
2 𝜃𝜃a −𝜃𝜃a

Figure 7: Life coefficient for oscillation (𝜃𝜃a ≥ 𝜃𝜃crit ), with
𝑝𝑝 = 4 and 𝑒𝑒 = 9⁄8

Just as with the load integrals, the equivalent load can
be related to a nominal load 𝐹𝐹N and defined as a dimensionless number. For this purpose, the load modification factor 𝜙𝜙m is introduced by

Since there is a low dependency on the load zone parameter 𝜀𝜀, which is usually between 0.2 and 0.5 for radial loaded bearings, the rating life coefficient can be
specified using a universal load distribution. In accordance with the standard a load integral of 𝐽𝐽r = 0.2 is assumed for normal bearing clearance in operation (p. 39
in [6]), which is based on a load zone extension of
𝜓𝜓l = 65°. For this value, the Table 1 shows the coefficients for both rings depending on the amplitude.

1

𝜃𝜃a
𝑝𝑝
1
𝜙𝜙m = �
� 𝐹𝐹(𝜃𝜃)𝑝𝑝 d𝜃𝜃� .
2 𝜃𝜃a 𝐹𝐹N −𝜃𝜃a

10
20
30
40
50
60
70
80
90
180

life coefficient for oscillation

circumferentially
loaded ring 𝒂𝒂𝐨𝐨𝐨𝐨𝐨𝐨,𝟏𝟏
7.5824
3.8425
2.6054
1.9880
1.6160
1.3662
1.1863
1.0503
0.9436
0.5000

(Eq. 38)

The following expression is used to determine a life
coefficient from the load modification factor.
(Eq. 39)
𝑎𝑎P = 𝜙𝜙m −𝑝𝑝

Table 1: Life coefficient for oscillation (θa ≥ θcrit ) and a
load zone extension of ψl = 65°
amplitude
𝜽𝜽𝐚𝐚 in deg

(Eq. 37)

5. Application Example: Universal Joint

stationary
loaded ring 𝒂𝒂𝐨𝐨𝐨𝐨𝐨𝐨,𝟐𝟐

Universal joints are used to connect and transmit rotary
motion of two axes inclined to each other. The diagram
of a universal joint is shown in Figure 8. The joint connection between the journal and yoke eye is usually realized by needle bearings. These bearings transmit the
forces resulting from the torque between the yokes and
perform an oscillating bearing motion depending on
the flexion angle 𝛽𝛽. The oscillation amplitude required
to calculate the coefficient corresponds to the flexion
angle of the cardan shaft, 𝛽𝛽 = 𝜃𝜃a . However, in addition
to the oscillating motion, the special aspect in calculating the rating life of these bearings is the non-uniformly acting radial force. The basic idea is to calculate the load rating and basic rating life separately for
the inner and outer raceways. In the case of the universal joint it must be considered, that the basic dynamic
load rating on the outer raceway is calculated for a circumferential load by 𝐶𝐶1 and on the inner raceway for a
stationary load by 𝐶𝐶2 , see [7] or [2]. A closer investigation of the cardan shaft kinematics and an evaluation

9.0000
4.5000
3.0000
2.2500
1.8000
1.5000
1.2857
1.1250
1.0000
0.5000

The calculation approach is applicable for all amplitudes of (𝜃𝜃crit < 𝜃𝜃a ) without restrictions. Even if the
oscillation amplitude 𝜃𝜃a exceeds π, the load distribution is calculated correctly by Eq. 12. For example, an
amplitude of 𝜃𝜃a = 4 π results in a life coefficient
𝑎𝑎osc = 0.125, since the load zone is completely passed
through 8 times. The calculation of a coefficient for the
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of the bearing forces as function of the oscillation angle 𝜃𝜃 shows that the bearing forces 𝐹𝐹L are not constant
and differ with respect to the yokes 𝐺𝐺1 and 𝐺𝐺2 .

𝜑𝜑1 of yoke 1 is also required. The oscillation angle of
yoke 1 is given by
(Eq. 41)
𝜃𝜃 = arctan(sin 𝜑𝜑1 tan 𝛽𝛽)
and for yoke 2 by
𝜃𝜃 = arctan �

cos 𝜑𝜑1 sin 𝛽𝛽

�1 − cos 2 𝜑𝜑1 sin2 𝛽𝛽

�.

(Eq. 42)

These equations are used to describe the bearing force
as a function of the oscillation angles. A corresponding
diagram is shown in Figure 10 for a flexion angle of
𝛽𝛽 = 45°. By elimination of 𝜑𝜑1 and transformation the
following equations are obtained at yoke 1 by
(Eq. 43)

𝐹𝐹L1 (𝜃𝜃) = 𝐹𝐹P1 �tan2 𝜃𝜃 + 1

and at yoke 2 by

𝐹𝐹L2 (𝜃𝜃) = 𝐹𝐹P1 cos 𝜃𝜃 �tan2 𝛽𝛽 + 1.

(Eq. 44)

In Figure 10 both functions are related to the nominal
bearing force 𝐹𝐹P1 = 𝑀𝑀T1 ⁄ℎ . The dynamic equivalent
load is derived from equation Eq. 37 and determined
by
1

𝛽𝛽
𝑝𝑝
1
𝑃𝑃 = �
� 𝐹𝐹L (𝜃𝜃)𝑝𝑝 d𝜃𝜃� .
2 𝛽𝛽 −𝛽𝛽

(Eq. 45)

In accordance with the equation Eq. 38, this yields the
load modification factor 𝜙𝜙𝑚𝑚1 for yoke 1, with

Figure 8: Diagram of a universal joint [12], red bearings
belong to yoke 1 the blue ones to yoke 2

This requires the analysis of the internal joint forces,
which are shown in the Figure 9 for two different positions. The equilibrium of moments on the journal
shows that the bearing forces 𝐹𝐹L are identical for both
yokes at any time and it is found
𝑀𝑀T1
(Eq. 40)
�1 + sin2 𝜑𝜑1 tan2 𝛽𝛽 .
𝐹𝐹L (𝜑𝜑1 ) =
ℎ
However, to determine a dynamic equivalent load, the
oscillation angle 𝜃𝜃 depending on the angle of rotation

1

𝜙𝜙m1

𝛽𝛽
𝑝𝑝
1
=�
� [𝐹𝐹L1 (𝜃𝜃)]𝑝𝑝 d𝜃𝜃� .
2 𝛽𝛽 𝐹𝐹P1 −𝛽𝛽

𝜙𝜙m2

𝛽𝛽
𝑝𝑝
1
=�
� [𝐹𝐹L2 (𝜃𝜃)]𝑝𝑝 d𝜃𝜃� .
2 𝛽𝛽 𝐹𝐹P1 −𝛽𝛽

(Eq. 46)

In the similar way the load modification coefficient
𝜙𝜙m2 for yoke 2 is determined by

Figure 9: Yoke forces of a universal joint: in a) for 𝜑𝜑1 = 0° and in b) for 𝜑𝜑1 = 90° [16]
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1

(Eq. 47)
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A similar approach can be found in [16] pp. 118 by
SEHERR-THOSS et al. However, they neglect the additional force 𝐹𝐹Z and calculate only an equivalent load of
𝐹𝐹P2 , which does not represent the actual bearing load.

arrangement has an additional influence on the bearing
load of yoke 1. Here the authors focus on the Z-arrangement and refer to [16] pp. 145 for a derivation of
the equations valid for the W-arrangement.

Figure 10: Bearing forces as function of the oscillaion angle

Figure 11: Load modification factor 𝜙𝜙m , for 𝑝𝑝 = 4 in Z-arrangement

Although the integrals of Eq. 46 and Eq. 47 can be
solved analytically, the antiderivatives are too complex in practical application. For this reason, the integrals are solved numerically, and the results are listed
in Table 2 for different life exponents. Concerning the
needle roller bearings, a life exponent of 𝑝𝑝 = 4 is generally used, see [11]. Therefore Figure 11 shows the
load modification factors as a function of the flexion
angle, provided that the universal joints are set up in a
Z-arrangement. For this arrangement, the bearings of
yoke 2 are always subject to higher loads. In contrast,
the length of the intermediate shaft in the WTable 2: Load modification factor 𝜙𝜙m
flexion angle
𝜷𝜷 in deg
3
6
9
12
15
18
21
24
27
30
33
36
39
42
45

Furthermore, the inertial forces caused by the intermediate shafts with a high moment of inertia can also be
included in the determination of the bearing forces due
to the non-uniform rotation. As can be seen in Table 2,
there is a strong dependence between the load modification factors on the flexion angle, which can be neglected for 𝛽𝛽 < 10°. This results according to Eq. 39
in the following rating life coefficients of Table 3 for
both yokes, depending on the flexion angle of the cardan shaft.

point contact

𝝓𝝓𝐦𝐦𝟏𝟏

1.000
1.002
1.004
1.007
1.012
1.017
1.024
1.031
1.040
1.051
1.063
1.078
1.094
1.113
1.135

𝒑𝒑 = 𝟑𝟑

𝝓𝝓𝐦𝐦𝟐𝟐

1.001
1.004
1.008
1.015
1.024
1.034
1.048
1.064
1.082
1.105
1.130
1.161
1.196
1.237
1.285

line contact
𝝓𝝓𝐦𝐦𝟏𝟏

𝒑𝒑 = 𝟏𝟏𝟏𝟏⁄𝟑𝟑

𝝓𝝓𝐦𝐦𝐦𝐦

1.000
1.002
1.004
1.007
1.012
1.017
1.024
1.031
1.041
1.051
1.064
1.078
1.095
1.114
1.137

1.001
1.004
1.008
1.015
1.024
1.035
1.048
1.064
1.083
1.105
1.131
1.161
1.197
1.238
1.287
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𝝓𝝓𝐦𝐦𝐦𝐦

1.000
1.002
1.004
1.007
1.012
1.017
1.024
1.032
1.041
1.052
1.065
1.080
1.097
1.118
1.141

𝒑𝒑 = 𝟒𝟒

𝝓𝝓𝐦𝐦𝟐𝟐

1.001
1.004
1.008
1.015
1.024
1.035
1.048
1.064
1.083
1.106
1.132
1.163
1.199
1.241
1.290

𝑭𝑭𝐋𝐋,𝐦𝐦𝐦𝐦𝐦𝐦 ⁄𝑭𝑭𝐏𝐏𝟏𝟏
1.001
1.006
1.012
1.022
1.035
1.051
1.071
1.095
1.122
1.155
1.192
1.236
1.287
1.346
1.414
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Table 3: Life coefficient 𝑎𝑎p
flexion
angle
𝜷𝜷 in deg
3
6
9
12
15
18
21
24
27
30
33
36
39
42
45

line contact

𝒑𝒑 = 𝟏𝟏𝟏𝟏⁄𝟑𝟑

𝒂𝒂𝐏𝐏𝐏𝐏

0.998
0.994
0.986
0.976
0.962
0.945
0.925
0.902
0.876
0.846
0.814
0.778
0.739
0.697
0.652

are compatible with each other. Furthermore, the coefficients increase progressively with decreasing amplitude if the critical angle is exceeded. Furthermore, it is
investigated which results are determined if only the
calculation approach of case 2 is used and the critical
range is ignored. Compared to the coefficients 𝑎𝑎osc of
the combined approaches small deviations occur if the
amplitude 𝜃𝜃a is below 𝜃𝜃crit,e . To enable a better comparison, the ratio of the coefficients is calculated from
both curves. If the amplitude 𝜃𝜃a falls below the critical
angle 𝜃𝜃crit,e , the function of the lifetime coefficient
𝑎𝑎osc shows a very small, negligible step. This is caused
by the assumption of a point load for the circumferentially loaded ring, in this case the inner ring. The values
of the 𝑎𝑎osc (corr. )-curve are calculated by the Eq. 21 using 𝐽𝐽𝜃𝜃a instead of 𝐽𝐽2 , similar to Eq. 35.

𝒂𝒂𝐏𝐏𝟐𝟐

0.997
0.988
0.973
0.952
0.925
0.893
0.856
0.814
0.767
0.717
0.664
0.608
0.550
0.491
0.431

𝒂𝒂𝐏𝐏𝐏𝐏

𝒑𝒑 = 𝟒𝟒

0.998
0.993
0.984
0.971
0.954
0.934
0.910
0.883
0.851
0.816
0.778
0.735
0.690
0.641
0.589

𝒂𝒂𝐏𝐏𝟐𝟐

0.996
0.985
0.967
0.942
0.911
0.873
0.829
0.780
0.727
0.669
0.609
0.547
0.484
0.422
0.361

The rating life of both raceways is calculated using the
coefficients for oscillating motion and load. For the
trunnion (inner ring) the coefficient is determined by
Eq. 30 & Eq. 20 and for the drawn cup (outer ring) by
Eq. 35 & Eq. 21. Subsequently, the oscillation coefficients are calculated for an example bearing as a function of the amplitude by the calculation approaches for
𝜃𝜃a ≥ 𝜃𝜃crit and 𝜃𝜃a < 𝜃𝜃crit . If the amplitude is between
the critical angles of the inner and outer ring, then the
coefficient is calculated using both approaches. Thus,
in case of 𝜃𝜃a = 𝜃𝜃crit the calculated coefficient must be
same for both methods. According to this Eq. 14 is obtained by substituting Eq. 1 in Eq. 28. The life coefficient as a function of the oscillation amplitude is
shown in Figure 12 for an example bearing.

Figure 13: Ratio of the life coefficient curves from Figure 12

To ensure a better comparability, the life coefficient of
the example bearing in Figure 11 and Figure 13 have
been calculated for a stationary load on the outer ring.
For the universal joint application example, a calculation must be made for a circumferential load on the
outer ring. Finally, the modified rating lives of the
bearings on yoke 1 for trunnion (index i) and drawn
cup (index e) are calculated as follows
𝐶𝐶i 𝑝𝑝
(Eq. 48)
𝐿𝐿10m,1i = 𝑎𝑎P1 𝑎𝑎osc,2 � � ,
𝐹𝐹P1
𝐿𝐿10m,1e = 𝑎𝑎P1 𝑎𝑎osc,1 �

𝐶𝐶e 𝑝𝑝
� .
𝐹𝐹P1

(Eq. 49)

Since the inner raceway of the universal joint bearing
is subjected to a stationary load, the coefficient 𝑎𝑎osc,2
is used and consequently for the outer raceway
𝑎𝑎osc,1 . The rating lives 𝐿𝐿10m,2i and 𝐿𝐿10m,2e of yoke 2
are calculated in the same way, by using 𝑎𝑎P2 . Eventually, the separate modified rating lives of both parts are
combined statistically in a common rating life of the
complete bearing.

Figure 12: Life coefficient as a function of 𝜃𝜃a with: 𝜀𝜀 = 0.5,
𝑍𝑍 = 23 and 𝛾𝛾 = 0.1429, stationary load on the outer ring

−

𝐿𝐿10m,1 = �𝐿𝐿10m,1i −𝑒𝑒 + 𝐿𝐿10m,1e −𝑒𝑒 �

For the critical oscillation amplitudes, no discontinuities occur, which proves that the modelling approaches
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1
𝑒𝑒

(Eq. 50)
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coefficient. Together with the coefficient for oscillating motion a modified rating life can be determined
separately for each raceway. These lifetimes can be
statistically combined to obtain a rating life for the entire bearing. The rating life of the entire universal joint
is determined in a similar way. The methods presented
in this paper can be applied to any bearing that is subject to oscillating motion or non-uniform load. Furthermore, the approaches are also suitable for ball bearings.

Such a combination of rating lives is also valid for
bearing assemblies. In this way, the lives of the individual needle roller bearings are combined to obtain
the life of the entire universal joint.
−

𝐿𝐿10m = �2 𝐿𝐿10m,1 −𝑒𝑒 + 2 𝐿𝐿10m,2 −𝑒𝑒 �

1
𝑒𝑒

(Eq. 51)

The resulting rating life is significantly lower, compared to a single bearing. This can be explained by the
fact that if four bearings transmit a force in parallel, the
probability of failure is higher compared to a single
bearing. Therefore, if the same reliability of 90 % is
required as for individual bearings, these must in turn
satisfy a higher probability of survival then 90 %.
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6. Conclusion
Starting with the theory of LUNDBERG and PALMGREN
in [8] a novel life coefficient equation for an oscillating
roller bearing was derived. The presented calculation
method is derived from the approach of RUMBARGER
and JONES [11] for low oscillation angles. Based on the
work of HOUPERT [7] an improved and corrected approach was presented for high oscillation angles. Both
methods were derived by means of the integrals 𝐽𝐽1 and
𝐽𝐽2 , known from the rating load equation according to
[2] and [3] or [6]. The application example was used
to show that both methods can be combined and provide the same results for the critical amplitude 𝜃𝜃crit . As
the life coefficients are calculated separately for each
ring, it was shown how the rating lives or coefficients
can be statistically combined to obtain a prediction of
the entire bearing. This is of special interest if the outer
ring is circumferentially loaded and not as usually the
inner ring. This paper provides a simple application of
the calculation model by means of practical equations
as well as tables and diagrams. The only restriction associated with this calculation approach is the assumption, that the lubrication conditions of the oscillating
bearings remain unchanged, compared to continuously
rotating ones. It is questionable, whether an effective
lubricating film will form, especially at low oscillation
amplitudes. Therefore, mainly greases are used, which
are optimized for mixed and boundary friction. In addition to the lubricant film, suitable greases form separating layers on the contact surfaces, which separate
friction partners from each other and prevent adhesion
([1], p. 2). In particular, for low oscillation amplitudes,
the risk of wear increases due to false brinelling and
fretting corrosion. If the investigated bearing fails due
to wear rather than roller contact fatigue, the presented
calculation method cannot be applied. In such a case,
the lubricant conditions must first be improved. To enable a credible validation of the results, very time-consuming tests of grease-lubricated rolling bearings at
low speeds would be necessary to minimize the influence of the lubricant.
As an example of an oscillatory application, the drawn
cup needle roller bearing of the universal joint was
chosen. Besides the oscillating motion, a non-uniform
bearing load must be considered for these bearings.
For this purpose, the bearing forces were derived as a
function of the oscillation angle, and a dynamic equivalent load was calculated. This equivalent load can be
expressed as load modifying factor or directly as life
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For example, Eq. (7) giving the number of stress cycles
Nrot only applies to a 180 degree loaded zone.
Nrot is proportional to 2.ψl/2π, (the loaded arc being
2.ψl), but 2.ψl will disappear later on when using the
𝑝𝑝.𝑒𝑒
𝑒𝑒
product 𝑄𝑄𝑒𝑒𝑒𝑒 ∗ 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟
with 2.ψl appearing at the denom𝑝𝑝
inator when defining 𝑄𝑄𝑒𝑒𝑒𝑒 .
I agree with the number of stress cycle Nosc for the stationary loaded ring described in Eq. (28) as constant
for each elementary volume dV(ψ) (located at any orbital angle ψ) and proportional to 2.θa/π or
2*2.θa/(2.π).
But the same Nosc is also used by the authors in Eq. (34)
when studying the oscillating ring.
As described in [7], the number of stress cycles for an
elementary volume dV(ψ) located at angle ψ on the oscillating ring cannot be constant and simply proportional to 2.θa/π or 2*2.θa/(2.π).
It is in reality proportional to 2*H/(2.π), H being the
loaded arc (in radian or degree) that an elementary volume dV(ψ), initially located at the orbital position ψ,
will endure during one oscillation . H can be calculated
numerically as done in [7], see equation (28) and Figure 4 of Ref. [7]:

[15] Schwack, F., 2020, “Untersuchungen zum Betriebsverhalten oszillierender Wälzlager am Beispiel von Rotorblattlagern in Windenergieanlagen“, Gottfried Wilhelm Leibniz
Universität, Diss., DOI: https://doi.org/10.15488/9756.
[16] Seherr-Thoss H. C., Schmelz F., Aucktor E., 2002, Gelenkwellen, Springer, Berlin Heidelberg.
[17] Stammler M., Reuter A., Poll G., 2018, “Cycle counting
of roller bearing oscillations - case study of wind turbine individual pitching system”, Renewable Energy Focus, 25, pp.
40–47, DOI: 10.1016/j.ref.2018.02.004.
[18] Thiede, K. U., Deters, L., 2003, “Oszillierende Bewegungen: Wirkung von Schmierstoffen bei langsamen oszillierenden Gleit- und Wälzbewegungen“, Forschungsvereinigung Antriebstechnik e.V, (315/II).
[19] Wöll L., Jacobs G., Kramer A., 2018, “Lifetime Calculation of Irregularly Oscillating Bearings in Offshore
Winches”, Modeling, Identification and Control: A Norwegian Research Bulletin, 39(2), pp. 61–72,
DOI: 10.4173/mic.2018.2.2.

Discussion

𝜓𝜓+𝜃𝜃

Luc Houpert (Bearing and Tribology Consultant,
Wettolsheim, France, luc.houpert@orange.fr)

𝐻𝐻(𝜓𝜓, 𝜃𝜃) = �

𝜓𝜓−𝜃𝜃

ℎ(𝜓𝜓). 𝑑𝑑𝑑𝑑

with ℎ(𝜓𝜓) = 1 if 𝑄𝑄(𝜓𝜓) ≠ 0
or ℎ(𝑥𝑥) = 0 if 𝑄𝑄(𝜓𝜓) = 0

Let me first congratulate the authors for having picked
up some subtle inconsistencies in the results shown in
[7] and for having written an excellent paper about a
complex topic.
By coincidence, I started on April 2020 some consulting activities on the same topic with the Fraunhofer
IWES department (via a cooperation with Mr. Oliver
Menck and Dr. Matthias Stammler) and Mr. Menck
noticed the same anomalies in my 1999 published results.
The good news is that I found since only one single
error in [7] to fix for solving all observed inconsistencies. Many additional results have been obtained in
2020 and will be described in a near future in a joint
paper with Mr. Menck.
I would like to thank the authors for giving me the possibility of explaining my error and correction, discussing their model and debating for example on what I
consider as two authors’ conceptual errors which have
fortunately and by coincidence no consequence on
their presented results.
I also would like to thank Dr. Stammler for the permission given to show some preliminary results obtained
in the frame of a project sponsored by IWES.
Finally, this discussion may hopefully help the readers
to get some additional explanations about how the
bearing life can be calculated in continuous rotating
and oscillatory application cases.

(Eq. 52)

In Figure 4 of the current paper, if (ψ, θa and ψl) are
equal to about 225 or -135 degrees (for ψ), 125 degrees
and 45 degrees respectively, then H is equal to about
35 degrees (for ψ = -135 degrees).
An analytical relationship for H or number of cycles,
only applicable to the case θa > ψl (θ instead of θa will
be used next) has been given in Table 1 of [7], and can
now be extended to all cases (see next Table 4), including the case not considered analytically in 1999 where
two partial incursions of dV(ψ) in the load zone (by its
two ends) occur:
Table 4: Analytical relationships
valid for −𝜋𝜋 ≤ 𝜓𝜓 ≤ 𝜋𝜋 and 𝜃𝜃 ≤ 𝜋𝜋
|𝜓𝜓| ≤ |𝜃𝜃 − 𝜓𝜓𝑙𝑙 |

𝐻𝐻 = 2. 𝑀𝑀𝑀𝑀𝑀𝑀(𝜓𝜓𝑙𝑙 , 𝜃𝜃)

(𝜃𝜃 − 𝜓𝜓𝑙𝑙 ) ≤ |𝜓𝜓| ≤ (𝜓𝜓𝑙𝑙 + 𝜃𝜃)

𝐻𝐻 = (𝜃𝜃 + 𝜓𝜓𝑙𝑙 − |𝜓𝜓|)
+𝑀𝑀𝑀𝑀𝑀𝑀(0, |𝜓𝜓| + 𝜃𝜃 + 𝜓𝜓𝑙𝑙 − 2. 𝜋𝜋)

|𝜓𝜓| ≥ 𝜓𝜓𝑙𝑙 + 𝜃𝜃
𝐻𝐻 = 0

H is therefore a function of ψ since it can be nil, or
increase linearly with ψ when the elementary volume
enters partially the loaded zone the during one oscillation, or can be constant (corresponding to a flat zone
in Figure 14) and equal to 2.θa (or 2.ψl if ψl < θa) when
the elementary volume dV(ψ) is continuously located
in the loaded zone. Figure 14 shows one example of
two flat zones:

Description of the number of stress cycles and
loaded arc to use
Although I fully agree with the final results presented
in this paper, I would like to mention some of my conceptual disagreements on a few provided explanations.
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Fig. 15 shows the results obtained when using the new
definition of Qeq (defined with H instead of 2.θa at the
denominator):

Figure 14: Example (ψl = 120 and θ = 140 degrees) corresponding to the existence of two flat zones.

The standard or main flat zone is 240 degrees in this
example and correspond to the Min(ψl,θ).
A second flat zone (here 160 degrees) is possible when
a second incursion in the other end of the loaded zone
is causing an additional H (represented by the Max
function in Table 4) which compensates the decrease
of the main H.
As a result, the number of stress cycle of a given point
on the oscillating inner ring cannot be considered as
constant and simply proportional to 2.θa, but should be
seen as proportional to H itself function of ψ, ψl and
θa.

Figure 15: Distribution of Qeq for ψl = 45 degrees and
θa = 65 degrees

Final survival probability
When calculating the probability of survival in Eq.
𝑝𝑝.𝑒𝑒
𝑒𝑒
(34) using the product 𝑄𝑄𝑒𝑒𝑒𝑒 ∗ 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜
, H appears at the de𝑝𝑝
nominator in 𝑄𝑄𝑒𝑒𝑒𝑒 and numerator in Nosc , (while the authors used twice 2*θa), so that it will cancel out and
disappear.
The good news is that the same result (and cancellation) is of course obtained when using twice 2*θa (or
2.π or 1, the number 1 having no physical sense) instead of H explaining why, by coincidence, the final
life results published in this paper are correct.
The inconsistency noticed by the authors in [7] is
simply due to the fact that 2.θa (instead of H) was unfortunately used in [7] for defining Qeq, while H was
correctly used for defining Nosc, so that the numerator
and denominator could not cancel.
Readers may wonder why spending so much effort calculating H while it will cancel when defining the final
survival probability and bearing life. The initial reason
is that using H appeared conceptually sound, but a second reason appeared quite useful too: the analytical
calculations of the loaded arc H, with its lower and upper bounds, helped obtaining accurate integrals using
a reduced number of points, here 101 points (hence 10,
201 points when conducting a double integral as
shown in Eq. 54).
Let’s here also cite two additional typo errors found in
[7]: the factor 2.π was missing in Equation (32) (not in
the calculations) and the factor 60 was missing in the
last line before the conclusion chapter (not a few lines
before) when defining the equivalent speed to use for
calculating a lubrication factor in oscillatory application.
Note that since H disappeared, it is now possible to express in a relatively simple manner the final oscillation
factor applicable to the oscillating inner ring (when the
oscillating angle exceeds the critical angle):

Description of the equivalent load
The second conceptual error is about how the equivalent load of the rotating or oscillating ring is defined.
When using the Miner’s rule for defining the equivalent load of the rotating or oscillating ring, a discrete
summation (replaced later by an integral) of Qp should
be used with at the denominator: 2.ψl in continuous rotation or the loaded arc angle H in oscillatory applications:
𝑄𝑄𝑒𝑒𝑒𝑒
𝑝𝑝

1

𝜓𝜓𝑙𝑙
𝑝𝑝
1
=�
. � 𝑄𝑄𝑝𝑝 . 𝑑𝑑𝑑𝑑� or
2. 𝜓𝜓𝑙𝑙 −𝜓𝜓𝑙𝑙
1

(Eq. 53)

𝑝𝑝
1 𝜓𝜓+𝜃𝜃𝑎𝑎 𝑝𝑝
𝑄𝑄𝑒𝑒𝑞𝑞 (𝜓𝜓) = � . �
𝑄𝑄 . 𝑑𝑑𝑑𝑑�
𝐻𝐻 𝜓𝜓−𝜃𝜃𝑎𝑎

𝑄𝑄𝑒𝑒𝑒𝑒 can be seen as the average value of 𝑄𝑄𝑝𝑝 , average
value obtained using an integral (as represented in Figure 4 of this paper, but integral to divide by H (and not
2.θa as done in Eq. (32) for obtaining the average value
of Qp before raising the result to the exponent 1/p).
2.ψl should therefore appear at the denominator of J1
in Eq. (10), (11) and (33) while and H should appear at
the denominator of Jθa,ψ in Eq. (32).
The authors show in Figure 5 the distribution of Qeq for
the case corresponding to θa = 65 degrees and ψl = 45
degrees.
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𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼 =

1
(2. 𝜋𝜋)𝑒𝑒
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1 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓 𝑛𝑛.𝑝𝑝
� 𝑑𝑑𝑑𝑑
2. 𝜀𝜀
𝑛𝑛.𝑝𝑝

1 − 𝑐𝑐𝑜𝑜𝑜𝑜 𝜓𝜓′
�
2. 𝜀𝜀

𝑒𝑒

. 𝑑𝑑𝑑𝑑′� . 𝑑𝑑𝜓𝜓�

1
𝑒𝑒

(Eq. 54)

where the function in the squared bracket is nil outside
of the loaded range (-ψl, ψl), n is the Hertzian exponent
(equal to 10/9 for roller bearing and 1.5 for ball bearing), p is the load life exponent (equal to 10/3 for Timken roller bearing, 4 for ISO roller bearing and 3 for
Ball Bearing) and e is the Weibull slope (equal to 1.5
for Timken roller bearing, 9/8 for ISO roller bearing
and 10/9 for Ball bearing).
Also note the use of a double integrals at the denominator due to the integration of Qeq(ψ), Qeq(ψ) being itself an integral to define for each ψ as a function of ψl
and θa.
Figure 18: Inner race oscillation factor to compare to Fig. 7

New results obtained:
It is now possible to correct Figure 5 and 6 published
in [7] and to replace them by Figure 16 and 17:

Also Table 5 can be compared to Table 1 for comparing the oscillation factor aosc_IR to aosc,1 (calculated with
ε = 0.2887 or ψl = 65 degrees), confirming identical
results.
Table 5: Results obtained to compare to Table 1.

θa (deg)
10
20
30
40
50
60
70
80
90
180

Figure 16: New Figure replacing Figure 5 published in [7]

ψl
aosc
7.5824
3.8425
2.6054
1.9880
1.6160
1.3662
1.1863
1.0503
0.9436
0.5000

A few additional results obtained
The joint paper to write with Mr. Menck will show all
details (that cannot be described here) about the new
models and results obtained.
Among the additional results, let’s cite: the development of an oscillation factor accounting for both inner
oscillating ring and outer stationary ring and the development of appropriate oscillation factor curve-fitted
relationships (different for Roller and Ball Bearing)
accounting for the oscillation angle θ, load zone parameter ε, geometrical parameter γ and osculation factors fi and fo (of the inner and outer race respectively
when studying ball bearing). Also, the critical angles
will be considered in both analytical and curve-fitted
relationships.
Beside Table 4 and Equation (54) already given, this
discussion gives me however the opportunity of showing some of them, thanks to the permission given by
Dr. Stammler.

Figure 17: New Figure replacing Figure 6 published in [7]

Figure 18 is also added next for completeness and can
be compared to the authors’ Figure 7, confirming similar results:
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Some additional comparisons between our new results
to the authors’ ones can therefore also be offered in this
discussion chapter.

and finally survival probability) as a function of the inner race ones, leading to a parameter call B representing the ratio ln(So)/ln(Si).

Account for the stationary outer ring:
The account for the stationary outer race is done by
describing analytically all outer race parameters (pressure, contact width, number of stress cycles, volume

More details can be found in a chapter I was invited to
write for Ref. [20].
Using the subscript i for the inner race and o for the
outer race, the final survival probability then reads:

ln(𝑆𝑆) = ln( 𝑆𝑆𝑖𝑖 ). (1 + 𝐵𝐵𝐿𝐿𝐿𝐿 )
𝑐𝑐+ℎ−3+2.𝑒𝑒
−
2

1 + 𝛾𝛾
�
1 − 𝛾𝛾

𝐵𝐵𝐿𝐿𝐿𝐿 = �

𝑐𝑐+ℎ−3+2.𝑒𝑒
−
2

1 + 𝛾𝛾
�
1 − 𝛾𝛾

𝐵𝐵𝐿𝐿𝐿𝐿 = �
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where the exponent h is equal to 7/3 and c is equal to
34/3 for Timken roller bearing and 31/3 for ISO Roller
bearing while Kbi and Kbo are integrals (function of ε
only) used for defining the equivalent load of the rotating inner race and stationary outer race respectively.
L is the effective roller – race length.
A similar relationship can be given for Ball Bearing
using γ and the race osculation ratio for defining BPC.
B is also be used for expressing the life of the stationary outer race as a function of the rotating inner race
one.
In an oscillatory application, the oscillating inner ring
life is obtained by correcting its continuous rotating
life by the previously described inner ring oscillation
factor, while the stationary outer ring life is obtained
using its continuous rotating life corrected by the Harris factor (aHarris= 90/θdegree).
It can then be shown that the final oscillation factor
combining both rings reads:
𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼+𝑂𝑂𝑂𝑂 = 𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜
= 𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼 . �

1 + 𝐵𝐵
𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼 𝑒𝑒 �
� . 𝐵𝐵
1+�
𝑎𝑎𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻

1
𝑒𝑒

(Eq. 55)

if 𝐿𝐿𝑜𝑜 = 𝐿𝐿𝑖𝑖 (in 𝐼𝐼𝐼𝐼𝐼𝐼)

When using ISO Line Contact exponents, one obtains
Figure 20 and 21 (again with γ = 0.1):

Figure 20: Final oscillation factor obtained using ISO Line
Contact exponents (and γ = 0.1)

(Eq. 56)

This relationship has already been used in [4] for producing Figure 11.28 and 11.29 with unfortunately an
incorrect value of aosc_IR in some cases.
Figure 11.29 should for example be replaced by Figure
19 (corresponding to Lo = Li and γ = 0.1).

Figure 21: Final oscillation factor obtained using ISO Line
Contact exponents (and γ = 0.1)

It is also possible to easily account for the critical angle
by simply correcting the previously calculated oscillation factor aosc_IR and aosc_OR (called aHarris previously)
by a coefficient called fθ:
𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼_𝑜𝑜𝑜𝑜_𝑂𝑂𝑂𝑂 → 𝑓𝑓𝜃𝜃_𝑖𝑖,𝑜𝑜 . 𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼_𝑜𝑜𝑜𝑜_𝑂𝑂𝑂𝑂
when 𝜃𝜃𝑎𝑎 ≥ 𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖,𝑜𝑜 : 𝑓𝑓𝜃𝜃𝑖𝑖,𝑜𝑜 = 1
when 𝜃𝜃𝑎𝑎 < 𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑖𝑖,𝑜𝑜 : 𝑓𝑓𝜃𝜃_𝑖𝑖,𝑜𝑜 = �

𝜃𝜃

𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑖𝑖,𝑜𝑜

1
1−
𝑒𝑒

�

(Eq. 57)

It is now also interesting to compare in Figure 22 the
results obtained using Eq. (56) without or with Eq. (57)
to the ones shown in Figure 12, thanks to Mr. Breslau

Figure 19: Final oscillation factor corresponding to Timken
Roller bearing (with γ = 0.1)
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Curve-fitted relationships
Finally, useful sets of curve-fitted relationships will be
suggested in our joint paper for roller (LC_Timken and
LC_ISO) and ball bearing.
As a preliminary information, it can be said that two
sets of curve-fitted relationship will be suggested in
Table 6.
In the latter relationship, a single mean critical angle
(360/Z in degree) is also used for defining fθ.
Note the small effect of θ on the final ratio when θ is
small (0.015374*θdegree being small in front of 1.6458).

for sharing his results. It can be observed that identical
results are obtained.

Additional references:
[20] Houpert, L., 2013, “Rolling Bearing Dynamic Rating:
Bearing Dynamic Capacity”. In: Wang Q.J., Chung YW.
(eds) Encyclopedia of Tribology. Springer, Boston, MA.
https://doi.org/10.1007/978-0-387-92897-5_101139

Figure 22: Results obtained using ISO LC exponent, ε = 0.5
and γ = 0.1429, compared to Fig. 12
Table 6: curve-fitted relationship

A very accurate one using curve-fitted relationship for aosc_IR and Kbo/Kbie (used in B),
allowing to account for the effect of γ, fi and fo on the final oscillation factor, for example:
𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼_𝐿𝐿𝐿𝐿_𝐼𝐼𝐼𝐼𝐼𝐼_𝑐𝑐𝑐𝑐 ≈ 𝑓𝑓𝜃𝜃_𝑖𝑖 .
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⋅ (1 + 0.12973 ∗ 𝜀𝜀 −0.36716)
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(Eq. 59)

(Eq. 60)

⎠

A simplified one in which γ has been fixed to 0.1 (and fi = fo for Ball Bearing), for example:
For 𝛾𝛾 = 0.1:
𝑎𝑎𝑜𝑜𝑜𝑜𝑜𝑜_𝐼𝐼𝐼𝐼_𝐿𝐿𝐿𝐿_𝐼𝐼𝐼𝐼𝐼𝐼_𝑐𝑐𝑐𝑐
𝜀𝜀 0.034617∗𝜀𝜀 + 0.11229
≈ 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �−�0.015374 ∗ 𝜃𝜃degree + 1.6458� ∗ �
�
�
𝑓𝑓𝜃𝜃 . 𝑎𝑎𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻
0.05
90
with 𝑎𝑎𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 =
𝜃𝜃degree

(Eq. 61)

Authors Closure

The authors present in the current paper on the one
hand a corrected calculation approach according to [7]
and on the other hand also an improved, more comprehensible derivation of the equations. This refers primarily to the omission of the function 𝐻𝐻(𝜃𝜃a , 𝜓𝜓) to describe the covered angle within the load zone. The calculation approaches presented in this paper are based
on the derivation of the dynamic load rating with the
load integrals 𝐽𝐽1 and 𝐽𝐽2 according to LUNDBERG and
PALMGREN in [8] and [9]. The authors object to the accusation of two conceptual errors and provide a justification and explanation in the following.
The calculation model presented in the current paper is
partly based on an article from Nov. 2019, which was
also published by the authors, [13]. This conference article discusses the inconsistencies in [7] for the first
time and presents a corrected calculation approach.

The derivation of the equations is based on [7] also using the function 𝐻𝐻(𝜃𝜃a , 𝜓𝜓). Further investigations have
shown, as in Dr. Houpert's discussion chapter, that
𝐻𝐻(𝜃𝜃a , 𝜓𝜓) is canceled out in the final equation for calculating the coefficient and is therefore not needed.
The objective of the authors was, inter alia, the more
comprehensive derivation without the auxiliary function 𝐻𝐻(𝜃𝜃a , 𝜓𝜓). For this purpose, the calculation in the
current paper is based on the load capacity equation by
a load integral analogous to 𝐽𝐽1 and 𝐽𝐽2 .
Statement on accused conceptual errors
In the current paper the load cycles of the circumferentially loaded bearing ring are described, as for the
stationary loaded ring, according to Eq. 28. This means
that all load cycles are counted even outside the load
zone and regardless of whether a load 𝑄𝑄(𝜓𝜓) is zero.
Consequently, for all elementary small race volumes
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d𝑉𝑉(𝜓𝜓) the number of load cycles is constant and proportional to 2𝜃𝜃a . In [7], however, only the load cycles
within the load zone are counted and the equivalent
load is also only determined for the covered angle
within the load zone, described by 𝐻𝐻(𝜃𝜃a , 𝜓𝜓). The difference is that in this current paper all load cycles during a full oscillation (−𝜃𝜃a ≤ 𝜃𝜃 ≤ 𝜃𝜃a ) are counted and
the integral is also determined over the whole range of
2𝜃𝜃a . According to the MINER rule, it is valid to consider the load cycles with a load of 0 N. By taking the
zero loads into account, the equivalent load is lower
than the load calculated by Dr. Houpert, but it considers all load cycles (including zero loads). Finally, both
approaches lead to the same fatigue and consequently
to the same probability of survival of an elementary
small volume d𝑉𝑉(𝜓𝜓). For this reason, identical rating
life coefficients 𝑎𝑎osc result for both approaches The
conformity of the results in this paper with the results
of Dr. Houpert is therefore traceable and no coincidence.
Note regarding the Eq. 53 of discussion chapter by Dr.
Houpert: The approach in this current paper is based
on the load integral 𝐽𝐽1 according to LUNDBERG and

PALMGREN. The integral 𝐽𝐽1 describes the dynamic
equivalent load relative to the maximum load 𝑄𝑄max for
a circumferentially loaded ring. Regardless of the load
zone, the integral is related to the entire circumference
(denominator: 2π) and not only to 2𝜓𝜓l , see Figure 23.

Figure 23: Dynamic equivalent load equation according to
LUNDBERG and PALMGREN, p.26 in [8]

Therefore, the load rating equation of LUNDBERG and
PALMGREN considers all load cycles, even outside the
load zone. If only the load cycles within the load zone
are counted, then 𝐽𝐽1 would be related to the load zone
angle by the denominator 2𝜓𝜓l .

Further results for comparison
For comparison with the results of Dr. Houpert, the
following table summarizes the coefficients 𝑎𝑎osc,1 for
different load zone angles 𝜓𝜓l and oscillation amplitudes 𝜃𝜃a . The same results can be found in Table 3 of
[13] depending on the load zone parameter 𝜀𝜀.

Table 7: Results for 𝑎𝑎osc,1 (𝑝𝑝 = 4 and 𝑒𝑒 = 9⁄8)
𝜽𝜽𝐚𝐚 [ °]

25

30

35

40

45

50

55

10

6.9936

7.0855

7.1723

7.2534

7.3290

7.3994

20

3.6474

3.6726

3.6980

3.7233

3.7484

30

2.5146

2.5260

2.5374

2.5489

2.5603

40

1.9361

1.9427

1.9492

1.9557

50

1.5824

1.5866

1.5909

1.5951

60

1.3426

1.3456

1.3486

70

1.1688

1.1710

80

1.0367

1.0385

90

0.9328

180

0.5000

𝝍𝝍𝐥𝐥 [ °]

60

65

70

75

80

85

90

7.4648

7.5257

7.5824

7.6354

7.6848

7.7311

7.7743

7.8146

3.7731

3.7970

3.8202

3.8425

3.8638

3.8842

3.9036

3.9220

3.9394

2.5718

2.5831

2.5944

2.6054

2.6163

2.6268

2.6371

2.6470

2.6565

1.9623

1.9687

1.9752

1.9816

1.9880

1.9942

2.0004

2.0064

2.0123

2.0181

1.5994

1.6036

1.6077

1.6119

1.6160

1.6200

1.6240

1.6279

1.6317

1.6355

1.3516

1.3546

1.3575

1.3604

1.3633

1.3662

1.3690

1.3718

1.3745

1.3772

1.3798

1.1733

1.1755

1.1777

1.1799

1.1821

1.1842

1.1863

1.1884

1.1905

1.1925

1.1945

1.1964

1.0402

1.0419

1.0436

1.0453

1.0470

1.0487

1.0503

1.0519

1.0535

1.0551

1.0566

1.0581

0.9342

0.9356

0.9369

0.9383

0.9397

0.9410

0.9423

0.9436

0.9449

0.9462

0.9474

0.9486

0.9498

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

0.5000

Oscillation factor combining both rings:
The combination of the coefficients for both bearing
rings (inner and outer ring or stationary and circumferentially loaded ring) is done by equation Eq. 22. Only
the load ratings of the respective bearing rings (𝐶𝐶1 and
𝐶𝐶2 ) and the load rating (𝐶𝐶) of the entire bearing are required. These load ratings can be calculated according
to LUNDBERG and PALMGREN by [8]. The comparison
carried out by Dr. Houpert in Figure 22 shows a very
good conformity for amplitudes of 𝜃𝜃a ≥ 𝜃𝜃crit . According to [20], the combination of the coefficients by Dr.
Houpert leads to the same results as the approach presented in this current paper by Eq. 22.

important that the kind of results of a method or model
is easily accessible to application engineers.
The authors have refrained from curve fitting, since in
most cases the use of look-up tables or reading in diagrams is regarded as sufficient. Figure 7 shows, that
due to the low nonlinearities a linear interpolation of
the characteristic curves would be applicable. However, a curve-fitting relationship seems to be very useful for low oscillation amplitudes (𝜃𝜃a < 10°), due to
the high non-linearity in this range. As can be seen in
Figure 12, the continuous characteristic curve is well
suited for curve fitting. Therefore, it is pleasing that
Dr. Houpert has already found an approach to calculate
the coefficients with an analytic approximation equation. Nevertheless, the reader is encouraged to use the
calculation approach presented in this paper. Especially since the numerical solution can easily be
achieved with software like MATLAB.

Curve-fitted relationships:
The calculation model presented in this paper is based
on two approaches: RUMBARGER [11] and HOUPERT
[7]. The computation model is to be regarded however
as one single model with case distinction. Indeed, it is
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